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Abstract 

We study classes of singularities of plurisubharmonic functions that can be 
approximated by analytic singularities with control over the residual Monge- 
Ampere masses. They are characterized in terms of Demailly's approxima- 
tions, graded families of ideals of analytic functions and the corresponding 
asymptotic multiplier ideals, as well as in terms of relative types. The types 
relative to such singularities are represented as lower envelopes of weighted 
divisorial valuations and certain disk functionals. Finally, for functions with 
asymptotically analytic singularities we prove a Minkowski's type inequal- 
ity for the residual Monge- Ampere masses and a plurisubharmonic variant of 
Mustata's summation formula for multiplier ideals. 
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1 Introduction 

Let u be a plurisubharmonic function on a complex manifold X of dimension n > 1. 
We are interested in asymptotic behavior of u near its singularity point x (where u 
takes the — oo value). Loosely speaking, this asymptotic behavior is what we call 
the singularity of « at i; more precisely, a singularity is an equivalence set with 
respect to the relation u^v-^u — v + 0(1) near x. 

Already in dimension 1, the asymptotic behavior of a subharmonic function 
can be quite complicated, however everything becomes easy when restricting to the 
case of functions that are harmonic in a punctured neighborhood of x, namely, 
u(z) = v log \z — x\ + 0(1) near x, where v = ^A«({x}). 

In several variables, this corresponds to consideration of plurisubharmonic func- 
tions u that are maximal outside x; when u is locally bounded outside x, this means 
that it satisfies the homogeneous Monge-Ampere equation in a punctured neigh- 
borhood of x. Nevertheless, even in this class the variety in plurisubharmonic sin- 
gularities is enormous. For instance, their collection contains those of functions 
u = a log \F\ + 0(1) for holomorphic mappings F from a neighborhood of x to C^, 
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N > 1. To some extent, we can consider such analytic singularities as "simple" 
objects and try to use them for approximation of arbitrary plurisubharmonic sin- 
gularities. Note that although the passage to maximal singularities can change the 
asymptotic, it keeps its standard characteristics such as Lelong number, residual 
Monge-Ampere mass, integrability index, etc. In this sense, we lose little when 
replacing a plurisubharmonic function by the corresponding swept out maximal 
function. 

There are some indications that an analytic approximation would work. First, 
it is the classical Lelong-Bremermann theorem on uniform approximation of con- 
tinuous plurisubharmonic functions by functions of the form maxj a* log | /j | . Sec- 
ond, the celebrated Approximation Theorem due to Demailly [3] states that for any 
plurisubharmonic function u there exists a sequence of functions DkU with analytic 
singularities, converging to u pointwise and in L\ oc \ moreover, these functions keep 
track on the singularity of u - for example, their Lelong numbers converge to the 
Lelong number of u. On the other hand, assuming x to be an isolated singularity 
point of u (such functions are called weights), it is not clear if the residual Monge- 
Ampere masses (dd c Dku) n ({x}) of D^u converge to that of u, even if u is maximal 
outside x. This is definitely not so (for any analytic approximation!) if u has zero 
Lelong number at x and positive mass there, because then ® k u are locally bounded 
near x and hence of zero residual mass; existence of such a function u is however 
a well known open problem. Since the Monge-Ampere mass is a crucially impor- 
tant characteristic of plurisubharmonic singularity (for instance, (dd c log \F\) n ({x}) 
is the multiplicity of the mapping F at x), this uncertainty is rather regretful. 

It turns out that the convergence of the masses of D^u is inseparably linked with 
good analytic approximability of u. In the present note, we study a few classes of 
plurisubharmonic singularities that are well-suited for analytic approximations. To 
start with, we introduce a metric p on the collection of isolated maximal singularities, 
based on the notion of relative type [17J a{u,ip) = \xmir\f z ^ x u(z)/(p(z), and we 
say that a singularity ip is asymptotically analytic if it belongs to the p-closure 
of the set of analytic singularities. Asymptotical analyticity of a weight tp means 
actually that for any e > one can find an analytic weight ip t such that (1 + e)ip e + 
0(1) < ip < (1 — e)ip e + 0(1). Examples of such singularities are exponentially 
Holder continuous functions and those depending only on the absolute values of the 
variables. On the other hand, we have no examples of maximal singularities that 
are not asymptotically analytic. 

We obtain several characterization of such singularities. Some of them use the 
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notion of generalized Green functions with respect to plurisubharmonic singulari- 
ties [22]: given a maximal singularity (p at a point x in a bounded hyperconvex 
domain D, the corresponding Green function G v is the upper envelope of negative 
plurisubharmonic functions u in D such that a(u,ip) > 1. Since = y> + 0(1), 
it depicts the same singularity as <p. We will use the Green functions as a kind of 
uniformization for families of the singularities. 

First, we test the Green functions for the Demailly approximations T>kip °f a 
maximal weight ip. In spite of the convergence of T>kip to ip, there is no direct 
reason for their Green functions to converge to G^. Moreover, this again faces the 
aforementioned problem on zero Lelong number and nonzero Monge-Ampere mass. 
We prove that a subsequence of the Green functions of ®kip ~ namely, G^ m , ^ - de- 
creases to the function G^ = inf^ G®^ > the proof is based on the Subadditivity 
Theorem for multiplier ideals [6]. We show that G$ can be viewed as an "analytic 
greenification" of ip, that is, the upper envelope of all negative plurisubharmonic 
functions v in D such that a(v, <p) > <j(ip, <p) for all analytic weights (p. It is proved 
to coincide with G^ if and only if ip can be approximated from above by analytic 
singularities whose residual Monge-Ampere masses converge to the mass of ip; we 
call such singularities inf analytic, and they form our other main class of singulari- 
ties that are close to analytic. Any asymptotical analytic singularity is inf analytic, 
and a stronger convergence describes asymptotical analyticity: G^ k ^jG^ — > 1 uni- 
formly on D \ {x}; it implies, in particular, (dd c T) k ip) n ({x}) — > (dd c ip) n ({x}) and 
expG^ G C(D). 

Another characteristic property of asymptotically analytic weights makes use of 
the notion of asymptotic multiplier ideals [7j. We show first that, given a graded 
family o, of primary ideals a k C O x , their Green functions G ak [19] converge, after 
a rescaling, to a weight G am , while the Green functions G )k of the corresponding 
asymptotic multiplier ideals )k converge (also after rescaling) to a weight G Jm > 
G a ,. The multiplicities e(a.) and e(j.) (in the sense of [2]) are just the Monge- 
Ampere masses of G a , and G )m , respectively, and they coincide if and only if the 
limit functions are equal. 

The equality is then proved for the case of families generated by "good" (in 
particular, asymptotically analytic) singularities. Specifically, we consider defined 
by the conditions a (log |/|, ip) > k. The upper regularization of sup k h k , where 
h k = fc -1 G f 0fc , is shown to coincide with G^ if and only if ip can be approximated 
from below by analytic singularities whose residual Monge-Ampere masses converge 
to the mass of ip, and for such a singularity, hk — > G^ in L n (D). The weight ip is 
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asymptotically analytic if and only if hk/G^p — > 1 uniformly onD\ {x}. 

The lower envelope inf^ of the functions = k~ x G )k equals when ip has 
analytic approximations from both below and above, and, if this is the case, Hk 
converge to in L n (D) as well. When %p is asymptotically analytic, we have again 
Hk/hk — > 1 uniformly onD\ {x}. 

Previously, the equality e(a.) = e(j.) was known in few situations - for instance, 
when dfc are determined by Abhyankar valuations [8j (which can be interpreted as a 
very special case of the weight ip\ in return, a stronger result is proved there), or when 
they are monomial [H]. A new feature of our approach is that we show what the 
"limits" of a. and j. - or, more precisely, the scaled limits of their logarithmic images 
log | a. | and log|j.| - are: they are the collections of plurisubharmonic functions u 
satisfying cr(u,G a .) > 1 and a{u,G^) > 1, respectively. 

Another portion of results concerns types relative to asymptotically analytic 
and inf analytic weights. While the residual Monge-Ampere masses of Demailly's 
approximations characterize inf analytic weights, asymptotical analyticity can be 
completely described in terms of relative types. Namely, a^DkU,^) — > a(u,ip) for 
every u if and only if if> is asymptotically analytic. Since the Lelong number is 
the type relative to the weight if)(z) = log \z — x\, this gives a stronger property of 
Demailly's approximations than that on convergence of their Lelong numbers. 

In addition, the type of u relative to an inf analytic weight ip turns out to coincide 
with the infimum of weighted divisorial valuations arising as generic Lelong numbers 
of pullbacks fi*u of u along exceptional primes of proper modifications fj, : X — > X 
over x. As a consequence, it can be represented as the lower envelope of the disk 
functionals 



where 7 are analytic maps from the unit disk to X such that 7(0) = x. When both 
u and i[) have analytic singularities, this was proved (by algebraic methods) in [12] ; 
note that in commutative algebra, the object corresponding to the relative type is 
known as Samuel's asymptotic function. For tame weights, a slightly smaller class 
of plurisubharmonic weights than asymptotically analytic ones, these representa- 
tions were essentially proved in pQ; we believe however that our methods are more 
elementary. 

The obtained characterizations of asymptotically/inf analytic weights show limits 
of using Demailly's approximations in describing plurisubharmonic singularities - 
unless all maximal singularities are such, which is doubtful (although this remains 
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an open question). 

We conclude with two results that perhaps are true not only for asymptotic 
analytic singularities, however we do not know how to prove them in the general 
case; our proofs just use the corresponding statements from algebraic geometry and 
the good approximability of asymptotical analytic singularities. The first result 
extends an inequality due to Teissier from [9] to the plurisubharmonic situation, 
giving thus t^+ v < Tu n + T^ n , where r m is the residual Monge- Ampere mass of w 
at x. The second statement concerns the multiplier ideal of the function max{w,t>} 
and is based on a result from [15J. 

2 Preliminaries 

For basics on plurisubharmonic functions and the complex Monge- Ampere operator, 
we refer the reader to [10]. In this section, we recall some notions of particular 
importance for us and set the corresponding notation. 

2.1 Plurisubharmonic singularities 

Let A be a complex manifold of dimension n, and let PSH X be the collection of 
germs of plurisubharmonic functions at x G A. We will say that a plurisubharmonic 
function u is singular at x if u is not bounded (below) in any neighborhood of x. 

The equivalence class cl(it) of u G PSH-j, with respect to the relation "u ~ v if 
u(z) = v(z) + 0(1)" will be called the plurisubharmonic singularity of u; in [22], a 
closely related object was introduced under the name "standard singularity". 

Germs with isolated singularities at x (i.e., that are locally bounded outside x) 
will be occasionally called weights and their collection will be denoted by W x . The 
Monge-Ampere operator (dd c ) n is well defined on such functions; the residual mass 
of ip G W x at x is 

Tlp = {dd C U ) n {{x}). 

A weight ip G W x is called maximal if it is a maximal plurisubharmonic function 
on a punctured neighborhood of x (satisfies (dd c ip) n = outside x). A basic example 
is if = log \F\ for an equidimensional holomorphic mapping F with isolated zero at 
x, and in this equals the multiplicity of F. The collection of all nonconstant 

maximal weights will be denoted by MW X , and cl(MW x ) is the collection of all 
maximal singularities. 



5 



2.2 Relative types and Lelong numbers 

For any function u G PSR^, we denote its type relative to a weight ip G MW X [T7J by 

u(z) 

a(u,(p) = liminf = lim r _1 A(w, ip, r), (2.1) 

z— >x <£>(<ZJ r^— oo 

where 

A(ii, 99, r) = sup{u(z) : y?(z) < r}. (2.2) 
It is a finite nonnegative number, and maximality of ip implies the bound 

u<<r(u,(p)(p + 0{l). (2.3) 

Evidently, a(u,ip) = a{y,ip) for any u G cl(tt), ^ G cKv 9 ); so the relative type is a 
function on singularities. 

If / is an analytic function and F is an equidimensional holomorphic mapping, 
then, as follows from [12], cr(log |/|, log \ F\) equals Samuel's asymptotic function |20j 

= lim k' 1 max {rn G Z + : / fe G J m } 

for the ideal / generated by the components of the mapping F. 

When ip(z) = log ICC 2 ) — CC^)!) where ( are local coordinates near x, a(u,(p) is 
the Lelong number u(u,x) of u at x. Since only local behavior of plurisubharmonic 
functions is considered here, we will omit the indication on coordinate functions and 
use the denotation \z — x\. 

Given an irreducible analytic variety M C X, the value 

u(u, M) = inf {u(u, y): y G M} (2.4) 

is the generic Lelong number of u along M. By Siu's theorem, u(u, x) = u(u, M) 
for all x G M \ M', where M' is a proper analytic subset of M. 

2.3 Green and Green-like functions 

We will use the following extremal function introduced by V. Zahariuta [22], see 
also [23J. Let D C X be a bounded hyperconvex domain; PSH~(D) will mean the 
collection of all negative plurisubharmonic functions on D. 
Given a weight ip G MW X , x G D, denote 

G v (z) = G^ D (z) = sup{u(z) : u G PSH-(D), a(u,<p) > 1}. 
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The function is plurisubharmonic in D, maximal in D\{x}, G v G cl(<p), and G v = 
on dD; moreover, it is a unique function with these properties. Furthermore, if (p 
is continuous near x, then G v is continuous on D. (The continuity of G W x is 
understood here as continuity of exp0.) We will refer to this function as the Green 
(or Green- Zahariutd) function with singularity ip>. 

If <p(z) = log \z — x\, then G v is the standard pluricomplex Green function G x< d 
of D with pole at x. 

Any function u G PSH X generates various maximal functions that can be viewed 
as its greenifications. First, let P be an arbitrary collection of maximal weights; 
consider the family A4^ D — {v G PSH~(D) : o~(v,ip) > cr(u,ip) Wip G P}; the 
function 

K{z) = h P UiD {z) = sup {v(z) : v G M^n) (2.5) 

is called the type- greenification of u with respect to the collection P [T7] . For G W x , 
the function G MW X , equals on dD and satisfies o~(h p , ip) = cr(0, <p) for all 
y> G P; it can also be represented as the best plurisubharmonic minorant of the 
family {G^ : tp G P, (7(0,-0) > 1} [TO Prop. 5.1, 5.2]. The raison d'etre for such a 
function is that it gives the best possible bound on u G PSH^, u < h p a + 0(1), when 
the only available information on u is the values a(u, tp) for (p G P. 

Alternatively, we can consider the class F^ d of negative plurisubharmonic func- 
tions u in D such that f (2) < <fi(z) + 0(1) near x, then the regularization of its 
upper envelope, 

g^(z) = g^D^z) = limsupsup{f(y) : v G F^d}, (2.6) 

y->z 

is a plurisubharmonic function in D, the complete greenification of at x in P [T7] . 
It is maximal on P \ {x} and equals zero on dD. If G MW X , then ^ = G^, the 
Green-Zahariuta function for ip. When ip> is not maximal, one need not have the 
equality <p — + 0(1); nevertheless, the relative types and the residual Monge- 
Ampere mass remain the same [T71 Prop. 5.5, 5.6]: a((p,ip) = a^^,^) for every 
ip G MW X and 

t v = t B9 . (2.7) 

The greenifications are related by g^ = /i^ Wx < h^ 1 < h^ 2 for any G W x and 
P2CP1C MW X . 
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2.4 Multiplier ideals and Demailly's approximation 

Given u G PSH(Jf), let J(u) denote the multiplier ideal for u, that is, the ideal 
of functions / G 0(X) such that \f\e~ u G Lf oc . A fundamental property of special 
importance for us is the Subadditivity Theorem [61 Thm. 2.6] 

J{u + v) C J(u) ■ J{v) Vit, v G PSH(Jf). (2.8) 

We refer to pE], [H] for detailed information on multiplier ideals and their applica- 
tions to analysis and algebraic geometry. 

The notion was used by Demailly for constructing approximations of plurisubhar- 
monic functions by ones with analytic singularities. For any D (s X, the restriction 
of J{u) to D is generated as (9o-module by any basis of the Hilbert space 

H(u) = {/ G O(D) : \f\e- u EL\D)}. 

Demailly's Approximation Theorem [3] says that any function u G PSH^ can be 
approximated, in a neighborhood D of x, by the functions 

B fc «=isup{log|/|: / G 0(D), j^\f\ 2 e- 2ku dV <\} = ^\ogY j \f Kl \\ (2.9) 

where {fk,i}i is an orthonormal basis for 7i(ku), in a way that 

C 1 C 

u(z) - — < D k u(z) < sup w(C) + - log — , z e D. (2.10) 

|C-z|<r r n 

Since there exist finitely many functions /^j, 1 < % < %q = io(ku), such that 
T) k u(z) = 2 - log \fk,i(z)\ 2 + z ^ ^ 

i<i 

all the functions Q k u have analytic singularities. As a consequence of (12.1 Op . they 
converge to u pointwise and in Lj oc . In addition, the Lelong numbers z/(S)fcU, x) of 
the functions Dk at x tend to the Lelong number u(u, x). 

3 Asymptotically analytic singularities 

We will say that u G PSH X . has analytic singularity if clog \F\ G cl(u) for some c > 
and a holomorphic mapping F of a neighborhood of x to C^. 

If a weight G W x has analytic singularity, then the mapping F has isolated zero 
at x. As is known, the integral closure of the ideal generated by the components Fj 
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of F has precisely n generators = Yl a k,jFj (generic linear combinations of Fj), 
k — 1, . . . , n, so log |.F| = log |£| + 0(1). Therefore, is equivalent to a maximal 
weight. The collection of all weights with analytic singularities at x will be denoted 
by AW X . 

We are going to deal with singularities that are "close" to analytic ones, in the 
sense of the following metric. 

Proposition 3.1 The function p : MW X x MW X — > [0, oo] given by 

p(<p,ip) = -\ogmm{a(ip,i/;),a(ip,ip)} 

is a metric on maximal singularities cl(MW x ). 

Proof. As follows from the definition of relative types, 

a((p,ip) > a((p,r))a(ri,ip) (3.1) 

for all (p,i],ip G MW X . In particular, min{<r(y9, if)), o~(ip, (p)} < 1 with an equality if 
and only if cp = ip + 0(1), which follows from ( 12. 3ft . Therefore, p > and it equals 
zero only when cl(<p) = cl(^). The symmetry of p is evident, and (13.11) implies the 
triangle inequality. □ 

We will say that ip G MW X has asymptotically analytic singularity if it belongs to 
the closure (in the sense of the metric p) of AW X . The collection of all such weights 
will be denoted by AAW X . 

Proposition 3.2 A weight ip G MW X has asymptotically analytic singularity if and 
only if for every e > there exists a weight ip e G AW X such that 

(1 + e)V e + 0(1) <ip<(l- e)4> t + 0(1). (3.2) 

Proof. Relations (13.21) are equivalent to a(ip e ,ip) > (1 + e) -1 and a(ip,ip e ) > 1 — e 
and thus imply %p G AAW X . Conversely, assuming the asymptotical analyticity, we 
can find weights ip e G AW X such that 

min{cr(<£>, ip), cr(ip, <p)} > max{l - e, (1 + e) -1 }, 

which implies ( 13. 2p . □ 

Relations (I3.2p do not use the maximality of ip and can be thus used as a defi- 
nition of asymptotical analyticity for non-maximal weights (and even for arbitrary 
plurisubharmonic functions). 
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Unlike analytic weights, an asymptotically analytic weight need not be equivalent 
to a maximal one. Take, for example, ip = log \z\ — | log I^H 1 ^ 2 in the unit ball, then 
(1 + e) log |^| — C e < if) < log \z\, while = log|z|. On the other hand, there is 
always a weight G AAW X such that limip/g^ = 1, which follows from 

Proposition 3.3 Let ip G W x be a weight with asymptotically analytic singularity 
and let D be a hyperconvex neighborhood of the point x. Then there exists the 
limit 

lim — TT = X > 

where g^ is the complete greenification of ip A2.6\) in D. As a consequence, for any 
u G PSH X one can set 

a(u,ip) = lim sup ^t^- = <x(w, #</,)• 

Proof. Given e G (0, 1), choose a weight ip e G AW X and a constant C e > such that 
(1 + t)iP e - C e < V < (1 - e)^e + C £ . Then (1 + t)G^ < 9i , < (1 - t)G^ where G^ E 
is the Green function for ip e in D, and thus 

1 - 3e ^(z) 1 +4e 
1 + e ~~ gty ~~ 1-e 

for all z such that 

(recall that ^ e = G^ e + 0(1)) and G^ e (z) < -e -1 C e . □ 

Remark. Without the asymptotic analyticity assumption the result need not be 
true (even in dimension 1, just take ip G W such that limsup 2 ^ ip{z)/ log \z\ = oo). 

Example 3.4 According to pQ, a continuous weight ip G W x is called tame if there 
exists a constant C > such that for every t > C and every analytic germ / from 
the multiplier ideal J{tip) of tip at x (that is, the function fe~ t(p is L 2 -integrable 
near x), one has log |/| < (t — C)tp + 0(1). For maximal weights <p, the latter can 
be written as <r(log |/|, <p) >t — C. Demailly's approximations Dkf (|2.9j) of a tame 
weight ip satisfy, by (JJ, Lemma 5.9], 

<p + 0(l) <® k (p< (l-C v /k)<p + 0(l) (3.3) 

near x; moreover, conditions (13. 3p characterize tame weights. Therefore, all tame 
weights have asymptotically analytic singularity. 
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Example 3.5 In particulary, any exponentially Holder continuous weight (p, that 
is, satisfying 

e v(y) _ eV (z) < | y _ 2 |/3 near ^ (3 ^ 

is tame [TJ Lemma 5.10], which deduces from Demailly's approximation theorem 
(I2.10p . As a consequence, all weights with analytic singularities are tame. 

Example 3.6 Let x = G X C C n . Any multicircular weight p> G MWo (de- 
pending on \zi\, . . . , \z n \ only) has asymptotically analytic singularity, which can be 
shown as follows. First of all, such a function tp is equivalent to its indicator at 0, 
that is the Green function for ip in the unit polydisk D n |13j . so we assume (p = G^. 
This implies tp(A c z) = ctp(z) for every c > 0, where 

A c (z) = (\ Zl \ c ,...,\z n \ c ), zeW. 

Then the function (p(t) := ^(e* 1 , . . . , e tn ) is convex and positive homogeneous in R" , 
equal to zero on <9R™, and thus represents as 

p{t) = sup{(a,t) : a G T}, t G R™, 

where T C R™. Therefore, for any e > there exist positive integers m and iV and 
monomials z k ^\ k(j) G Z™, 1 < j < m, such that |<£>(<z) — <y9 e (^) | < e/2 for all 2 with 
— 1 < p(z) < 0, where 

<p e (z) = iV -1 max log \z kU) \. 
j 

Take any w G D n with — t < — 1 and let 2 = A c w with c = 1/|2£|. Then 

</?(z) = -1/2, A x w = A\2t\z, and 

\<p(w) - p e (tu)| = \<p(Axw) - cp^Aiw)] = \cp(A ]2t] z) - ip e (A\ 2t \z)\ < \t\e. 

Since <p(w) = t, this implies 

(1 + e)ip(w) < <p e (w) < (1 - e)<p(w) 

for all w with <p{w) < —1. 

Remark. We have no example of <p> G MW X \ AAW X . 

4 Convergence of Green functions 

In what follows, we fix a bounded hyperconvex domain D <Z X containing x. Given 
G MW X , let Gff, denote the Green function of D for the singularity <fi. Since any 
analytic weight is equivalent to a maximal weight, the Green functions Gx» fc for 
Demailly's approximations 2)^0 (12.91) of are well defined, too. 



11 



4.1 Green functions of Demailly's approximations 

By Demailly's approximation theorem, the functions Dk<P converge to in L} oc for 
any G W x . We do not know if this implies convergence of the Green functions 
G® k( f> to G^. This is certainly not so if has zero Lelong number (because then 
G>z )kl f ) = 0), however existence of such a maximal weight is equivalent to a famous 
open problem on plurisubharmonic weights with zero Lelong number and positive 
residual Monge- Ampere mass. 

We can show that there is a subsequence of the Green functions decreasing to 
the lower envelope G^ of the functions G^ k( f > (and thus G$ is plurisubharmonic). 

Proposition 4.1 If G MW X , then the Green functions G^ m , $ for the singularities 
D m \ decrease to the function G^ = inf fc G® k( f, G MW X . 

Proof. Let J{k<$) be the multiplier ideals for the functions k<p, k G Z + . By the 
Subadditivity Theorem (EH]), J{{mk)<j)) C J{k<p) m for all m,k G Z+. Since the 
multiplier ideals J{kcf)) generate Demailly's approximations Qk<P, we have 2) m fc0 < 
2)^0 + m ) and so, 

which implies that the sequence Gx» m! is decreasing to some function G^, plurisub- 
harmonic in D and maximal in D \ {x}. Moreover, (14. ip yields 

Gv ml </, < Gj) k<p \/k<m, 

so 

Ga, = inf G^ k( f) = lim Gx» m i <t> > G<f>- 

k m— >oo 

□ 

The function G^ has a nice interpretation in terms of greenifications. Namely, 
let h§ denote the type-greenification (12.51) with respect to the family AW X : 

h% = sup{v G PSH-(D) : <t(v, (p) > a(0, ip) Vy? G AW X }. (4.2) 

Proposition 4.2 G^ = for any G W x . As a consequence, there exists a 
sequence G AW X such that G Vj decrease to h^. 

Proof. As was mentioned in Section l2~3l the function is the best plurisubharmonic 
minorant of the family {G^ : ip G AW X , <r(0, -0) > 1}- Since all the functions G^ k( p 
belong to that family, hA < Gx> k ^> and thus < G^. On the other hand, the 
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relation a(4>,ip) > 1 means < if) + 0(1) and thus implies Qk<f> < + 0(1), 
so Gj) fc ^, > G^, k< j, > for all k. As ip £ AW X , relation (I3.3P implies G® k ^ — > G^, 
which gives G<p > G^ for all ip £ AW X with a((f>,ip) > 1, so > G^. Finally, the 
sequence ipj = ®j\(f> provides a sequence of Green functions decreasing to h^. □ 

Proposition 14.21 means that the singularity of G^ is the best upper bound on the 
singularity of when the latter can be tested on all analytic weights. This gives us 
one more motivation on the problem if G^ coincides with G^. 

It turns out that the relation G^ = G^ is completely controlled by the behavior 
of the Monge- Ampere masses of the functions Dk<f>- 

Proposition 4.3 If £ MW X , then G^ = G^ if and only if sup^rx^ = t^. 

Proof. This follows from Proposition 14.11 and Lemma 14.41 below. □ 

Lemma 4.4 Let <Pj,ip £ PShP(D) be locally bounded and maximal on D \ {x} 
and equal to on 3D. 

(i) If <Pj > (f decrease to a function if), then if) — p if and only if ' r ipj — > t^; 

(ii) If ifj < p increase to a function 77, then 77* = <p if and only if r^. — > t v . 

Proof, (i) Since the Monge-Ampere operator is continuous with respect to decreas- 
ing sequences, the function ip is maximal on D \ {x} and t v . — > t^. Assuming 
t$ = 7>, we get the two functions, if) > <p, maximal onD\ {x}, equal to on dD, 
and with the same residual Monge-Ampere mass at x. By Lemma H~5l below, if) = ip. 

(ii) Similar proof, the relation t^. — > r v * in this case being due to Bedford- 
Taylor's result for increasing sequences of bounded plurisubharmonic functions, ap- 
plied to the functions ipj = max{pj,— 1}, since t IPj = (dd c ipj) n (D). (Alternatively, 
one can refer to the convergence results for increasing sequences in more general 
classes of plurisubharmonic functions [2], [21].) □ 

Lemma 4.5 [T71 Lemma 6.3] Let D be a bounded hyperconvex domain and let 
0i,02 £ PSH(D) n L% C (D \ {x}) be two functions such that (dd c <pi) n = 5 X and 
4>i\dD = 0. If 0i > 02 in D, then 0i = 2 . 

If is a tame weight, then (13.31) implies 

< < (1 - C^/k)G^ (4.3) 

and, therefore, uniform convergence of G^^/G^ to 1. We will prove that the con- 
vergence holds true for any weight £ AAW X as well. In particular, this will give 
G^ = G0 for such weights. 
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Theorem 4.6 Given ip G MW X , let G^ and G^ k ^ be the Green functions of a 
bounded hyperconvex domain D with the singularities ip and 5)fcV> respectively. 
Then 

1 uniformly onD\ {x} (4-4) 



G® k ip 



G^ 

if and only if ip G AAW X . For such a weight ip, we get thus r^ k ^ — > and G^ = G^. 

Proof. Relation (14.41) implies (13.21) with ip e = T>kip and k > k(e). 

Let us prove the reverse implication. For e > 0, let ip e G AW X be a weight from 
(13.21) . Then (1 + e)G^ e < G^ < Gx» fc v — ^^>kO--e)A ^ or a ^ ^. Therefore, 

< < i, («) 

(l + ejG^iz) G^(z) 
Since (1 — e)ip e has analytic singularity, (14. 3p implies 

G Vk{1 ^ e <(l-C e /k)(l-e)G A 

and so, (14. 5 p for all k > k(e) gives us 

l-2e<%fM<l, zeD\{x}, 

which gives us (14.41) and, by Demailly's Comparison Theorem, the convergence of 

T~V k ip to T^. □ 

Corollary 4.7 The Green function G^ of a bounded hyperconvex domain D with 
singularity <p G AAW X is continuous on D. 

So, asymptotical analyticity is rather a strong property with regard to behavior 
of the singularities of 2)^0. In order to get the largest class of weights such that 
Gcj, = G^, we will say that a weight £ MW X has inf analytic singularity if there 
exists a sequence of weights <f)j G AW X such that < <f)j + 0(1) and — > r^. The 
class of these weights will be denoted by IAW X ; evidently, IAW X D AAW X . 

Theorem 4.8 Let G MW X , then G IAW X if and only if G^ = inf fc G^ k(j> . 

Proof. Let G IAW X . Then for any m,j G Z + we have G^ m , ^ < Gj> m! ^, which 
implies Tx> m! </, > t^,^. Given e > 0, choose j such that > — e/2. Since 
4>j G AW X , we can then choose, by Theorem 14.61 m such that Ts m ,^ > 10 — e/2 
for all m > itlq. Therefore, rx> m! > — e for all m > mo, and Propositions 14.11 and 
14.31 gives us G$ = G^. The converse is evident by means of the choice <pj = Dj\ 0. □ 

In view of Proposition 14.21 this can be restated as follows. 
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Corollary 4.9 A weight 6 MW X belongs to IAW X if and only if G^, = hj ( OOP - 
Remark. We do not know if Gxi fe <?i — * for any G IAW X . 

4.2 Asymptotic multiplier ideals 

Another nice property of asymptotically analytic weights comes from consideration 
of asymptotic multiplier ideals, the notion introduced in [7]. Recall that a family 
a. of ideals C O x is called graded if a m ■ a k C a mk for all positive integers m and 
fc; we assume 7^ {0} for k » 0. If all are primary (zero dimensional), then 
there exists the limit 

e(a.) = lim k~ n e(a k ) (4.6) 

k— >oo 

called the multiplicity of a. (here e(Ofe) are the Samuel multiplicities of a k ) [HI 
Cor. 1.5]. As follows from the Subadditivity Theorem, the corresponding family of 
multiplier ideals {j7(%/ p )} pg N has a unique maximal element, denoted here ) k , and 
it coincides with J{<xJ p ) for all sufficiently great values of p, see [7j. The ideals 
j. = {jfc} are called asymptotic multiplier ideals of a.. One has always 

jkm C (4.7) 

and 

a fc C (4.8) 
see [TJ Prop. 1.7]; furthermore, as shown in [T4], there exists the limit 

e(j.) = lim k- n e(h). (4.9) 

In some cases the ideals j. are not much bigger than a. in the sense e(a.) = e(j.) 
(for instance, when are defined by Abhyankar valuations [8] or when they are 
monomial [T4]). 

Let us apply a machinery of Green functions in order to deal with such families of 
ideals. Given a bounded hyperconvex neighborhood D of x, let G ak denote the Green 
function of D with singularity along [H], i.e. with the singularity (p k = log \F k \, 
where F k are holomorphic mappings whose component generate and a k , and let 
hk = k~ l G ak . Similarly, we denote H k = k~ l G )k \ as follows from (14.81) . 

H k > h k . (4.10) 

Since the family a. is graded, we have a™ C a km and thus h k < h km , hence 
we can argue as in the proof of Proposition 14. 11 In doing so, we derive that the 
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sequence h m \ is increasing to the function h a , := sup k h k . Let us denote its upper 
regularization (h^)* by G a ,. 

In the same manner, relation (14.71) implies H k > H km , so the sequence H m \ is 
decreasing to the function G )m :='m.i k H k E MW X . By (14.101) . 

G ai <G a .<G u <G h , (4.11) 

so G a ,,Gj, E MW X . 

To show that the monotone convergence of h m \ and if m i implies a convergence 
of all h k and /f^, we need the following 

Lemma 4.10 Let u, v E PSH~(.D) be maximal on D\ {x}, equal to on <9.D, and 
u < v in D. Then 

I (v - u) n dd c Wl A ... A w n <n\ [ Wl [(dd c v) n - (dcf w) n ] 
for all wj E PSH(D), -1 < Wj < 0. 

Proof. This is a particular case of [T6l Prop. 3.4]. □ 

Proposition 4.11 (i) h k — > G a , and H k — > G u in L n (D); 

(ii) G a , = Gj m if and only if e(o.) = e(j»). 

Proof, (i) Note first that, since the Samuel multiplicity e(I) of a primary ideal 7 
generated by fi, . . . , f m , equals the residual Monge- Ampere masse of the function 
log 1/1 [3 Lemma 2.1], we have e(dfc) = k n Th k and e{jk) = k n TH k - Since /i m i increase 
to h a , and if m i decrease to Gj., we have r^ m , — >■ r a . and r# m! — > rj., so (14. 6p and 
( 14.91) give us r hk — > r a# and r Hk — > Tj # . In addition, < G . and > Gj. and all 
these functions are maximal on D\{x}, equal zero on dD. Therefore, the statement 
follows from Lemma 14. 1Q[ 

(ii) follows from (14. lip by Lemma 14.51 □ 

We can use results from Section |4~T1 to find conditions for the equality G a , = G )t . 
Since ) k = J{jxJ v ) = J(kh p ) for p > p(k), we have H k = D k h p + 0(1) for p > p(k). 
Therefore, 

H k <V k G a .+0(l). 
In view of Theorem 14.81 this gives us the following 

Proposition 4.12 G a . < H k < G VkGam . Therefore, ifG a . E IAW X , then G a . = G,.. 
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Let us now specify 



a k = a k ((p) = {feO x : v{log\ f\,<f>) >k}, (j) g MW X . 

Since a{u + v,<p) > a(u,<f)) + a(v,(p), it is a graded family of ideals. To provide 
they are different from {0} and are primary, we assume that the weight <fi has finite 
Lojasiewicz exponent, i.e. 

r <M , 
hmsup - — j r < oo. 

z -+ x LOg\z — X\ 

We will see that, for such a choice of o^, the relation G a , = Gj. = G^ is true for 
asymptotically analytic and even more general singularities <fi. 
Since a(h k , (ft) > 1, we have h k < G^ and thus 

Go. < (4.12) 

We will say that a weight (f) G MW X has sup-analytic singularity if </> > 4>j + 0(1) 
for some weights <f>j G AW X with r^. — > r^; the collection of such weights is denoted 
by SAW X . Again, SAW X D AAW X . Note also that any weight with sup-analytic 
singularity has finite Lojasiewicz exponent. 

Proposition 4.13 G^ = G a . if and only if <p G SAW X . 

Proof. Let cf) G SAW X . In view of ( 14.121) . we need to show only that G^ < G a ,. 

Notice that the functions ipj = max{0j : i < j} have analytic singularities and 
satisfy > ipj+0{l) and < r^. < r^., so — > t$. In addition, the corresponding 
Green functions G 1 p j increase to some function ip. By Lemma I4.4[ ip* = G^. 

Denote <4 = {/ G O x : cr(log |/|, ipj) > k}, then C and hence < h k 
and GaJ < G a ,. Since <f>j have analytic singularity, G^J = G^. and so, G a , > G$. 
for all j and thus G a , > G^. 

The other direction is evident. □ 

Theorem 4.14 Let the functions G am and G$ t be defined as above for a weight 
(f) G IAW X n SAW X . Then G a . = G u = G^ and e(o.) = e(j.) = T<p . 

Proof. Proposition 14. 13l implies G^ = G am . Then Proposition 14. 121 becomes applica- 
ble and, in view of Proposition 14. 1 lf ii) . completes the proof. □ 

Remark. Since every Abhyankar valuation is generated by a relative type [TJ, 
Theorem 14.161 extends the mentioned result from [5] to arbitrary asymptotically 
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analytic weights (note however that for Abhyankar valuations a stronger result is 
proved there). 

Since AAW X C IAW X n SAW X , the statement of Theorem SZE1 holds true for all 
asymptotically analytic singularities. It is not surprising that for such weights one 
can claim even more. 

We start with a characterization of AAW X in terms of the functions hk- 

Proposition 4.15 Let a weight G MW X .have finite Lojasiewicz exponent, and 
let the functions hk be defined as above. Then G AAW X if and only if 

^=T1 onD\{i}. (4.13) 
h k 

(Therefore, = sup fc h k = G a , if G AAW X .J 

Proof. Let have asymptotically analytic singularity, then for any e G (0, 1) one 
can find a holomorphic mapping F e and a positive integer k such that 

ilog|F e | < + 0(1) < i-^log|F e |, (4.14) 

so all the components of F e belong to <Xk and thus hk > (1 — e)~ 1 G ( j ) , which gives 
(14.13p . Conversely, the inequality G^/hk > (1 — e) on D \ {x} implies (14.141) . □ 

Theorem 4.16 If the functions hk, Hk, G am , and G )m are defined as above for a 
weight G AAW X , then hk/Hk — > 1 uniformly on D\ {x} and G a , = G- }m = G<$,. 

Proof. This follows from Propositions 14.151 14.121 and Theorem 14.61 □ 

Observe that our approach gives a more precise meaning to the fact that the 
families a. and j. are "close". Since all the ideals and )k are integrally closed, 
they are in a one-to-one correspondence with their Green functions G ak and G )k in 
the sense that, for example, / G Ofc log |/| < G ak + 0(1). These functions have 
the scaled limits 

SO 

lim k~ l log |o fe | = {u e PSH X . : a(u, G a .) > 1}, 

k^oo 

lim k-Hog\j k \ = {ue PSH X : a(u,G„) > 1}, 

fc— >oo 

and for "good" weights 0, the limit objects equal {u G PSH X : a(u, 0) > 1}. 
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5 Relative types 

Let us notice the following simple properties of types relative to asymptotically 
analytic weights. 

Proposition 5.1 Let ip E W x be an asymptotically analytic weight and let ip e be 
analytic weights from (13.2)) . then cr(u,if) e ) — > a(u,i/)) as e — > 0. 

Proo/. By (E2J), (1 - e)cr(w, V) < <r(ii, ^) < (1 + eM«, V). □ 
Proposition 5.2 If e AAW X , tnen er(tt, 5)^0) — > cr(«, 0) for every u E PSH^. 

Proof. This is a direct consequence of Theorem 14.61 □ 

The corresponding property of types relative to inf analytic singularities reads 
as follows. 

Proposition 5.3 If <fi E IAW X , then a(u, Dj\ 0) decrease to a(u, 0) for every u E 
PSH X . 

Proof. Let us denote fj = G^ jt By Proposition l4.2l and Corollary 14. 9[ the functions 
(fj decrease to G<f>; therefore, a(u,<pj) is a decreasing sequence for any u E PSH^. 
We can set then 

a{u) = lim a(u, cpj). 

We will show that o~(u) = a(u, <p). 

The functional a : PSFij, — > [0, oo] satisfies cr(max{u, v}) = min{cr(u), o~(v)}, 
is positive on log\z — x\, finite on all u ^ — oo, positive homogeneous and lower 
semi continuous because if Uk — > u in Lj oc , then for each j, 

limsupcr(Mfe) < limsupa(Mfc, tpj) < a(u,<fj). 

Therefore, by [T7J Thm. 4.3], cr(u) = a(u,ip) for some weight ip £ MW X . Observe 
that a(u, tp) > cr(it, 0) for all w, so > G^. On the other hand, a(u, ip) < a(u, (fj) 
for all j and hence < G^, which implies o~(u, ip) = o~(u, 4>). □ 

More advanced special properties of types relative to asymptotically/inf analytic 
weights are given below. 
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5.1 Types of Demailly's approximations 

As stated in Demailly's Approximation Theorem, the Lelong numbers of Dk u con- 
verge to that of u for every u E PSH^. Here we extend this to types of DkU relative 
to asymptotical analytic weights. 

We first relate the <^-types of the functions to the yj-types of u for exponentially 
Holder continuous weights <p. 

Lemma 5.4 Let <p E MW X satisfy ( 13. 4j) and let u E PSH X . Then the types 
cr(QkU, p) of its Demailly approximations D^u satisfy the relations 

Tl 

a{u, (p) - — < a(D fc u, <p) < a(u, p). (5.1) 

Proof. The first inequality in (I2.10p implies the relation o~(QkU,ip) < o~(u, </?). 

If (p(z) < r and log \z — (\ < r/ j3, then H3.4[) implies <p(() < r + log 2. Therefore, 
the second inequality in ( 12.101) with log S = r / f3 gives 

n C*2 

A(D fc w, (p, r) < A(u, (p, r + log 2) - — r + — , 

where the function A is defined by (12.21) . and then (12.11) implies the first inequality 
in (J53D- □ 

This implies the convergence a(®kU, ip) — > a(u,tp) for ip E AAW X ; moreover, 
this is one more characteristic property of asymptotically analytic weights. 

Theorem 5.5 A weight ip E W x is asymptotically analytic if and only if 

a(® k u,ip) — ► <t(u,V) Vm E PSR x . (5.2) 

k— *oo 

Proof. That ip AAW X implies ( 15. 2p . this follows from Q3.2j) . Proposition 15.11 
and Lemma 15.41 because all the functions exp ip e are Holder continuous (say, with 
exponents /3 e ): 

0-(u,lp e ) - — J < — < <x{® k u,ip) < < 



1 + e V fc/W ~ 1 + e ~ v 7 ~ 1-e ~ 1 - e 

Conversely, relation ( 15.21) implies a(®kil>, ip) — ► 1 and, since <r(^, XlfcVO > 1> the 
convergence p(ip,Dki J ) — * 0. □ 
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5.2 Representation by divisorial valuations 

Let \x be a proper modification over a neighborhood of a point x G X. For any 
function / G O x , the generic multiplicity of u* f over an irreducible component of 
the exceptional divisor is a divisorial, or i?ees, valuation. One can extend 

this notion to plurisubharmonic functions by replacing the multiplicity of a* f with 
the generic Lelong number of \x*u over the component. Here we will represent types 
relative to inf analytic weights as envelopes of such valuations. 

Let us take <p = log|F| G MW X . By the Hironaka desingularization theorem, 
there exists a log resolution for the mapping F, i.e., a proper holomorphic mapping 
fi of a manifold I to a neighborhood U of x, that is an isomorphism between 
X\n~ 1 (x) and U\{x}, such that is a normal crossing divisor with components 

Ei, ... , E N , and in local coordinates centered at a generic point p of a nonempty 
intersection Ej = n i€ jEi, where I C {1, . . . , iV}, 

(F o /i) (x) = x™* 

with /i(0) 7^ 0. Then for any u G PSH Z , one has 

a(u, if) = min{u I>mi (/j,*u) : Ei ^ 0}, (5.3) 

where 

(u*u) (x) 

u I>mi (p,*u) — liminf 



at a generic point of p G Ej. 

We need the following elementary 

Lemma 5.6 Let v(t) be a negative convex function on Mr_, k > 1, increasing in 
each ti. Then 

v • r ■ t • r /r ^ 

hmmi — — = mmiimmt . (5.4) 

Proof of Lemma \5.6[ Denote the left hand side of (15.41) by A and 

Ai = hmmf 

t^-OO ti 

From the convexity of v it follows that for any point t* G R_ the ratio 

tl — *J 
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decreases when t\ — ► — oo and thus 

vfa, t*,..., t* k ) - v{t{, £*,..., t*) < A 1 (ti - t$), h < t\. 

Similarly, 

v(t lt t 2 , £*,..., t* k ) - v(t lt £*, t* 3 ,..., tl) < A 2 (t 2 - £*), t 2 < £*, 
and so on, the last inequality being 

v(ti, ...,t k )- v(t 1: t k -i, t* k ) < A k (t k - tl), t k < t* k . 
Summing them up, we get 

v(t)-v(t*)< J^MU-t*) < mm A t ' 

i \ i i / 

which gives A > minjAj. Since the reverse inequality is evident, the lemma is 
proved. □ 

From Lemma 15.61 applied to the function 

v(t) = smp{fi*u(x) : log|xj| < U, i G I}, 

we deduce 

vi, mi {^*u) = mm Vi m (u*u) = minm^V^^u), 

where v E .{n*xi) is the generic Lelong number of n*u along Ei (12. 4p . We denote this 
value by TZj(u) and call it the divisorial valuation of u G PSH X along E^. 

TZj(u) = u Ei (fi*u) = M{u(j2*u,p) : p G Ei}. 

Now (I5.3P gives us the following result. 

Theorem 5.7 For any weight if = log \F\ G AW X there exist finitely many divisorial 
valuations IZj and positive integers rrij such that 



a(u, (f) = mm m ■ 1 H 
j 

for every u G PSH X .. 

Remark. For the case u = log|/| this follows also from [12, Thm. 4.1.6]. Con- 
versely, one can deduce Theorem 15.71 from that result by applying Theorem 15.51 
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Theorem 5.8 If ip G MW X , then ip G IAW X if and only if there exist denumerahly 
many divisorial valuations IZj and positive numbers Sj such that 

a(u,ip) = inf SjKjiu) Vw G PSH^. (5.5) 

3 

Proof. Let ip G IAW X . By Theorem 15.71 for each j the type o~(u,Dj\ip) is the lower 
envelope of finitely many weighted divisorial valuations SjTZj(u). Then the theorem 
follows from Proposition 15.31 

Conversely, (15.51) means that G$ is the best plurisubharmonic minorant of the 
function inf,-G^ , where the weights ipj represent the valuations SjlZj in the sense 
a{u,ipj) = Sj1Zj(u), see the proof of Proposition 15.31 All xbj are tame (and thus 
asymptotically analytic), and since the best plurisubharmonic minorant of the min- 
imum of finitely many tame weights is tame as well, this means that there exists a 
sequence of weights <pj with analytic singularities such that the Green functions G^, 
decrease to G^. Therefore, %b G IAW X . □ 

Remarks. 1. For asymptotically analytic weights, the arguments were briefly 
sketched in [18] . For tame weights, the representation follows from what was proved 
(by a different method) in pQ. 

2. Relative types have the obvious property cr(^2 otj Uj, <p) > J2 a j (T ( u j^ { P) an d 
hence are concave functionals on PSH a ., while for the divisorial valuations TZj there 
is always an equality. From this point of view, relation (15. 5p is similar to the repre- 
sentation of concave functions as lower envelope of linear ones, which holds on linear 
topological spaces. This can be put into the general picture of tropical analysis on 
plurisubharmonic singularities [17] . [TB"] . 

5.3 Analytic disks 

Another (although related) representation for the types can be given by means 
of analytic disks. To do so, we use arguments from [12]. Given u G PSHa. and 
ip G MW X , denote 

y*u(() 

o~*(u,ip) = inf liminf — , (5.6) 

where A x is the collection of all analytic maps 7 : D — > X such that 7(0) = x, and 
7*m is the pullback of u by 7. 

Evidently, a*(u,(p) > a(u,(p) for any (p G MW X . If / is a holomorphic function 
and F a holomorphic mapping with isolated zero at x, then <7*(log |/|, log \F\) = 
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<r(log \f\, log \F\) by [T21 Thm. 5.2]; moreover, in this case there exists a curve 
7 G Ax such that 

n i/i i iph t • f lo sl7*/(C)l 
^(log|/|,log|F|)=hmmf lQg|rF(c)| , 

see [T2| Prop. 5.4]. Similar arguments together with Theorems 15.71 and 15.81 give us 
the following result. 

Theorem 5.9 If if) G IAW X , then a*(u,if)) = a(u,ip) for every u G PSH X . If, in 
addition, if) has analytic singularity, then the inftmum in l\5.6\) always attains. 

Proof. For the case of analytic weight if) = log|F| we will use the idea from the 
proof of [T2l Prop. 5.4]. By Theorem I5.7I cr(u, log \F\) = mux,- mj TZj(u), where 
rrij and IZjiu) are generic Lelong numbers of log \(jl*F\ and u*u, respectively, along 
the exceptional primes Ej of a log resolution [i for the mapping F. Take a germ of 
an analytic curve jj C X passing transversally through a point Xj G Ej and such 
that the generic Lelong number of \x*u along Ei equals the Lelong number of the 
restriction of \x*u to 7j at xj (which is possible bye Siu's theorem). Then for the 
curve 7j = /jfjj we get 

!>(() log| 7 *F(C)| 

KiM = um i? f logteK) _ i| , mj = ^ T - mr - y 

so 

i> (0 

cr(u, log \F\) = minliminf — — — — . 

1 1 u i c-o iog| 7 ;F(c)| 

For arbitrary if) G IAW X , we refer to Theorems 15.81 □ 

6 Other results 

In this section we present some results that perhaps are not specific to functions 
with asymptotically analytic singularities, but we do not know how one can prove 
them without such an assumption. 

6.1 Teissier's inequality 

In an appendix to [9], B. Teissier proved the following Minkowski's type inequality. 
If / and J are two primary ideals in the ring O x , then 

e(I ■ J) 1/n <e(iy/ n + e(J) 1/n , (6.1) 
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where e(Z) denotes the Samuel multiplicity of the ideal X. 

If an ideal X is generated by analytic functions fx, ... , f m , then e(J) = ri og m, see 
[5]. Let us for any u G W x denote f u = Tu n . 

Theorem 6.1 If the complete greenifications A2.6\) of u,w G W x have asymptoti- 
cally analytic singularities, then 

Proof. In view of (12.71) . we can assume u,v G AAW X . Given e > 0, let u e = a e log |F e | 
and v e = b e log\H e \ be analytic weights approximating u and v, respectively. We 
may assume that the factors a e and b e are rational, say, a t = p/N and b t = q/N 
(p, q, N depend on e). Therefore, 

u + v > (1 + e)^" 1 log \F?H q e \ + 0(1) 

and thus 

f u +v < (1 + e)f w 

with w = iV" 1 log \FPH^\. 

Let J e and J t denote the ideals generated by the functions {F^j and {H^j, 
respectively. Then f w = N~ 1 e(I e ■ Je) 1 ^, and Teissier's inequality (16.11) implies 

f w < N- 1 [e(h) l ' n + e(J t y/ n ] = [f Ue + f J . 

Finally, the bounds u < (1 — e)u e + 0(1) and v < (1 — e)v t + 0(1) imply 

f Ue + f Ve < (1 - e) _1 (f u + ft,), 

and the assertion follows. □ 

6.2 Mus^ata's summation formula 

Given an ideal / = (Fx, . . . , F r ) C O x and 7 > 0, we denote by J(D) the multiplier 
ideal of the plurisubharmonic function function 7 log \ F\. 
In [T5] it was shown that 

j((i+jy)c J2 J{nj{J p ) (6.2) 

o+/3=7 

(as is easy to see, the sum contains finitely many distinct terms). 

Its plurisubharmonic counterpart will be about the multiplier ideal of the func- 
tion max{a, v }. 



25 



Theorem 6.2 Ifu,w G PSH^ have asymptotically analytic singularities, then 
J{max{u,v}) C ^ J(au)J(pv), V7 < 1. 

a+/3=7 

Proof. We will reduce the situation to the one from [15J. In the notation from the 
proof of Theorem 16.11 we have 

(1 + e)plog |F e | + 0(1) < Nu < (1 - e)plog \F € \ + 0(1), (6.3) 

(l + e)glog|if e | +0(1) < Nv < (1 - e)glog \H e \ + 0(1) (6.4) 
with p,q,N <E Z+. By f l6T2|) . 

a+(3=~t 

Note that J^f) = J"(aplog |F £ |) and J(Jf) = J{(3q\og\H e \). On the other hand, 
the ideal I e + J e is generated by the components of Ff and H^, so 

J((I e + J e )T) = t 7( 7 max{plog|F e |,gbg|fl- 6 |}) 

for any 7 > 0. Take 7 = (1 — e)iV -1 . By (16. 3p and (16.41) . we have then 

J(max{u,v}) C ^(7 max {p log |F e |, glog |F e |}) = «7((I e + J e ) 7 ) 

C ^ J{aa e log\F e \)J{Pb e log\H e \) C £ J(au)J(J3u), 

a+/3=l-e a+/3=r c 

where r e = (1 — e)(l + e) _1 . □ 

References 

[1] S. Boucksom, C. Favre, and M. Jonsson, Valuations and plunsubhar- 
monic singularities, Publ. Res. Inst. Math. Sci. 44 (2008), no. 2, 449-494. 

[2] U. Cegrell, The general definition of the complex Monge-Ampere operator, 
Ann. Inst. Fourier (Grenoble) 54 (2004), no. 1, 159-179. 

[3] J. -P. Demailly, Regularization of closed positive currents and intersection 
theory, J. Algebraic Geometry 1 (1992), 361-409. 



26 



[4] J. -P. DEMAILLY, Multiplier ideal sheaves and analytic methods in algebraic 
geometry, School on Vanishing Theorems and Effective Results in Algebraic 
Geometry (Trieste, 2000), 1-148, ICTP Lect. Notes, 6, Abdus Salam Int. Cent. 
Theoret. Phys., Trieste, 2001. 

J. -P. Demailly, Estimates on Monge-Ampere operators derived from a local 
algebra inequality, preprint at http://arxiv.org/abs/0709.3524v2j 

J. -P. Demailly, L. Ein, and R. Lazarsfeld, Subadditivity property of 
multiplier ideals, Michigan Math. J. 48 (2000), 137-156. 

L. Ein, R. Lazarsfeld, and K.E. Smith, Uniform bounds and symbolic 
powers on smooth varieties, Invent. Math. 144 (2001), no. 2, 241-252. 

L. Ein, R. Lazarsfeld, and K.E. Smith, Uniform approximation of Ab- 
hyankar valuation ideals in smooth function fields, Amer. J. Math. 125 (2003), 
no. 2, 409-440. 

D. ElSENBUD AND H.I. LEVINE, An algebraic formula for the degree of a 
C°° map germ. With an appendix by Bernard Teissier, "Sur une inegalite a la 
Minkowski pour les multiplicites" , Ann. Math. (2) 106 (1977), no. 1, 19-44. 

M. Klimek, Pluripotential theory. Oxford University Press, London, 1991. 

R. Lazarsfeld, Positivity in Algebraic Geometry, II. Springer- Verlag, Berlin, 
2004. 

M. Lejeune-Jalabert et B. Teissier, Cloture integrale des ideaux et 
equisingularite, preprint, 1973. Available at http://arxiv.org/abs/0803.2369 

P. Lelong and A. Rashkovskii, Local indicators for plurisubharmonic func- 
tions, J. Math. Pures Appl. 78 (1999), 233-247. 

M. Mustata, On multiplicities of graded sequences of ideals, J. Algebra 256 
(2002), 229-249. 

M. Mustata, The multiplier ideals of a sum of ideals, Trans. Amer. Math. 
Soc. 354 (2002), no. 1, 205-217. 

Nguyen Van Khue and Pham Hoang Hiep, A comparison principle for 
the complex Monge-Ampre operator in CegrelVs classes and applications Trans. 
Amer. Math. Soc. 361 (2009), no. 10, 5539-5554. 



27 



[17] A. Rashkovskii, Relative types and extremal problems for plurisubharmonic 
functions, Int. Math. Res. Not. 2006 (2006), Article ID 76283, 26 p. 

[18] A. Rashkovskii, Tropical analysis of plurisubharmonic singularities, Tropical 
and Idempotent Mathematics, 305-315, Contemp. Math., 495, Amer. Math. 
Soc, Providence, RI, 2009. 

[19] A. Rashkovskii and R. Sigurdsson, Green functions with singularities 
along complex spaces, Internat. J. Math. 16 (2005), no. 4, 333-355. 

[20] P. Samuel, Some asymptotic properties of powers of ideals, Ann. of Math. (2) 
56 (1952). 11-21. 

[21] Yang Xing, Weak convergence of currents, Math. Z. 260 (2008), no. 2, 253- 
264. 

[22] V.P. Zahariuta, Spaces of analytic functions and maximal plurisubharmonic 
functions. D.Sci. Dissertation, Rostov-on-Don, 1984. 

[23] V.P. Zahariuta, Spaces of analytic functions and Complex Potential Theory, 
Linear Topological Spaces and Complex Analysis 1 (1994), 74-146. 

Tek/Nat, University of Stavanger, 4036 Stavanger, Norway 
E-MAIL: alexander.rashkovskii@uis.no 



28 



